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Abstract Three different boundary element methods
(BEM) for transient dynamic crack analysis in two-
dimensional (2-D), homogeneous, anisotropic and lin-
ear elastic solids are presented. Hypersingular traction
boundary integral equations (BIEs) in frequency-
domain, Laplace-domain and time-domain with the
corresponding elastodynamic fundamental solutions are
applied for this purpose. In the frequency-domain and
the Laplace-domain BEM, numerical solutions are first
obtained in the transformed domain for discrete fre-
quency or Laplace-transform parameters. Time-depen-
dent results are subsequently obtained by means of
the inverse Fourier-transform and the inverse Laplace-
transform algorithm of Stehfest. In the time-domain
BEM, the quadrature formula of Lubich is adopted
to approximate the arising convolution integrals in the
time-domain BIEs. Hypersingular integrals involved in
the traction BIEs are computed through a regulariza-
tion process that converts the hypersingular integrals to
regular integrals, which can be computed numerically,
and singular integrals which can be integrated analyti-
cally. Numerical results for the dynamic stress intensity
factors are presented and discussed for a finite crack
in an infinite domain subjected to an impact crack-face
loading.
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1 Introduction
Dynamic crack analysis has many important applica-
tions in engineering sciences such as in fracture and
damage mechanics, quantitative non-destructive mate-
rial testing, geophysics and geomechanics. Since ana-
lytical solutions for dynamic crack problems can be
obtained only for very simple cases, numerical meth-
ods have to be applied in general to solve the arising
initial boundary-value problems. Among many avail-
able numerical methods, the boundary element method
(BEM) is an accurate and efficient numerical tool for
dynamic crack analysis, at least for homogeneous and
linear elastic solids.
From themathematical points of view, a crack in two-
dimensional (2-D) elastic solids is a line with two coinci-
dent faces, which leads to a degeneration of the classical
displacement BEM formulation over both crack-faces.
This problem can be avoided by using the dual BEM,
where the displacement boundary integral equations
(DBIEs) are used over one of the crack-faces while
the traction boundary integral equations (TBIEs) are
applied to other crack-face. TBIEs can be obtained by
the partial differentiation of the DBIEs and the sub-
sequent application of the Hooke’s law. Another rem-
edy to overcome the degeneration of the DBIEs for
crack analysis is the use of the hypersingular TBIEs
only on one of the crack-faces, where the crack-opening-
displacements (CODs) are the fundamental unknown
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quantities. For cracked solids with finite boundaries, a
combineduse of both theDBIEs and theTBIEs is prom-
ising. In this case, the TBIEs are applied to one of the
crack-faces while the DBIEs are used on the external
boundaries of the cracked solids. An overview of differ-
ent possibilities for crack analysis in cracked elastic sol-
ids with bounded domains by BEM can be found in
[31]. The numerically computed CODs can be used in a
data post-processing to obtain the stress intensity factors
(SIFs), which are the most important crack-tip charac-
terizing parameters in linear elastic fracture mechanics.
Over the past years, three different BEM formula-
tions, namely, the frequency-domain [5,9], the Laplace-
domain [3] and the time-domain [2,24,25,29,33] BEM,
areoften applied to transient elastodynamic crack analy-
sis. To analyze their accuracy and efficiency, a
comparative study is performed in this paper. Hypersin-
gular TBIEs are applied for this purpose. A collocation
method for the spatial discretization of the hypersingu-
lar BIEs is adopted. Hypersingular integrals are dealt
with by a regularization technique based on a suitable
variable change [8,9]. In the frequency-domain and the
Laplace-domain BEM, hypersingular BIEs in the trans-
formed domain are first solved numerically for discrete
frequency and Laplace-transform parameters. To obtain
the time-dependent solutions, fast Fourier inverse trans-
form and Stehfest’s Laplace-inversion algorithm [23]
are applied in the frequency-domain and the Laplace-
domain BEM, respectively. The time-domain BEMuses
a convolution quadrature formula of Lubich [11,12] for
approximating the arising convolution integrals and it
leads directly to time-dependent solutions. Numerical
examples for computing transient elastodynamic SIFs in
homogeneous and linear elastic solids of general anisot-
ropy are presented to compare the accuracy and the
efficiency of the three different BEM formulations.
2 Problem statement and elastodynamic BIEs
We consider a finite crack in a 2-D, homogeneous, lin-
ear elastic and anisotropic solid. The deformation of the
cracked solid is assumed to be in a state of either gen-
eralized plane strain or generalized plane stress. In the
absence of body forces, the cracked anisotropic solid
satisfies the equations of motion [1]
σij,j = ρu¨i, (1)
Hooke’s law
σij = Cijkluk,l, (2)
the initial conditions
ui(x, t) = u˙i(x, t) = 0, for t = 0, (3)
and the traction boundary conditions on the crack-faces
pi(x, t) = σij(x, t)nj(x) = p∗i (x, t), x ∈ c. (4)
In Eqs. (1)–(4), σij and ui denote the stress and the dis-
placement components, Cijkl is the fourth order elastic-
ity tensor, pi(x, t) is the traction vector, nj is the outward
unit normal vector, c = +c + −c represents the upper
and the lower crack-faces, ρ is the mass density, and
p∗i (x, t) is the prescribed crack-face loading, respectively.
Also, a comma after a quantity represents partial deriv-
atives with respect to spatial variables, and superscript
dots stand for the time differentiations of the quantity.
Unless otherwise stated, the conventional summation
rule over double indices is implied, and the indices i and
j take the values 1 and 2.
The displacements can be represented by the follow-
ing boundary integral
ui(ξ , t) = −
∫
+c
p∗ij(ξ , x, t) ∗ uj(x, t)d, (5)
where x = (x1, x2) and ξ = (ξ1, ξ2) represent the field
and the source points, p∗ij are the traction fundamental
solutions, uj(x, t) are the CODs defined by
ui(x, t) = ui(x ∈ +c , t) − ui(x ∈ −c , t), (6)
and an asterisk ∗ denotes Riemann convolution which
is defined by
g(x, t) ∗ h(x, t) =
t∫
0
g(x, t − τ)h(x, τ)dτ . (7)
The traction fundamental solution p∗ij is related to the
displacement fundamental solution u∗ij by
p∗ij = Cjkln
∂u∗il
∂xn
nk(x). (8)
Substituting Eq. (5) into Hooke’s law (2) we obtain
an integral representation formula for the traction com-
ponents as
pj(ξ) = −
∫
+c
s∗ij(ξ , x, t) ∗ uj(x, t)d, (9)
where
s∗ij = Cikln
∂p∗lj
∂ξn
nk(ξ), (10)
and nk(ξ) represents the outward unit normal vector
to the boundary at the collocation point. By taking the
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limiting process ξ → +c , the following time-domain
traction BIEs are obtained
pj(ξ) = − =
∫
+c
s∗ij(ξ , x, t) ∗ uj(x, t)d, (11)
where=
∫
stands for the finite-part integral of Hadamard.
Frequency-domain and Laplace-domain TBIEs can
be obtained directly by applying the Fourier-transform
and the Laplace-transform to Eq. (11).
3 Elastodynamic fundamental solutions
Unlike in the isotropic case, elastodynamic fundamen-
tal solutions for homogeneous, anisotropic and linear
elastic solids cannot be given in closed-forms and they
are much more complicated. For 2-D case, fundamen-
tal solutions can be represented by a line-integral over
a unit circle, while for 3-D case they can be given as
a surface-integral over a unit sphere. In the present
analysis, two different elastodynamic fundamental solu-
tions are adopted, namely, the frequency-domain and
the Laplace-domain dynamic fundamental solutions.
Two-dimensional frequency-domain displacement
fundamental solution has the following expression [27]
u∗ij(ξ , x,ω)=
1
8π2
∫
|η|=1
2∑
m=1
γ mij
ρ c2m
(ω|η · (x − ξ)|/cm)dSη,
(12)
where η = (η1, η2) is the wave propagation vector, ω is
the circular frequency, γ mij = VimVjm (no sum over m)
is the projection operator, with Vim and ρc2m being the
eigenvectors and the eigenvalues of the Christoffel ten-
sor ij[
ij(η1, η2) − ρc2mδij
]
Vjm = 0, (no sum over m), (13)
in which δij denotes the Kronecker delta, cm represents
the phase velocities of elastic waves, and the Christoffel
tensor is defined by
ij(η1, η2) = Cikjlηkηl. (14)
The function (ζ) is given by
(ζ) = iπeiζ − 2 [cos(ζ ) ci(ζ ) + sin(ζ ) si(ζ )] , (15)
where ci and si denote the cosine and the sine integrals
which are defined by
ci(ζ ) = − −
∞∫
ζ
cos t
t
dt; si(ζ ) = −
∞∫
ζ
sin t
t
dt, (16)
with ζ being real and −∫ indicating the Cauchy principal
value integral.
Two-dimensional Laplace-domain displacement fun-
damental solution has been recently published in [28] for
piezoelectric materials. From [28], 2-D Laplace-domain
displacement fundamental solution for homogeneous,
anisotropic and linear elastic solids can be obtained as
u∗ij(ξ , x, s)=
1
8π2
∫
|η|=1
2∑
m=1
γ mij
ρ c2m
(s|η · (x − ξ)|/cm)dSη,
(17)
where s is the Laplace-transform parameter,
(z) = − [e−z Ei(z) + ez Ei(−z)] , (18)
with z being complex and Ei being the exponential inte-
gral defined by
Ei(z) = − −
∞∫
−1
e−zt
t
dt; Ei(−z) = −
∞∫
1
e−zt
t
dt. (19)
It can be easily shown that both functions  and 
have a logarithmic singularity. To deal with this singular-
ity it is advantageous to split the fundamental solutions
into a singular static part and a regular dynamic part as
[27,28]
u∗ij(ξ , x,ω) = uR∗ij (ξ , x,ω) + uS∗ij (ξ , x), (20)
u∗ij(ξ , x, s) = uR∗ij (ξ , x, s) + uS∗ij (ξ , x), (21)
where the superscripts R and S denote the regular
dynamic part and the singular static part, respectively.
The singular static part is independent of ω and s and
has the following expression
uS∗ij (ξ , x) = −
1
4π2
∫
|η|=1
2∑
m=1
γ mij
ρc2m
log |η · (x − ξ)|dSη, (22)
while the regular dynamic part can be written as
uR∗ij (ξ , x,ω) =
1
8π2
∫
|η|=1
2∑
m=1
γ mij
ρ c2m
R(ω/cm, |η·(x−ξ)|)dSη,
(23)
uR∗ij (ξ , x, s) =
1
8π2
∫
|η|=1
2∑
m=1
γ mij
ρ c2m
R(s/cm, |η·(x−ξ)|)dSη,
(24)
with the regular continuous functions
R(x, y) = (x y) + 2 log y, (25)
R(x, y) = (x y) + 2 log y. (26)
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The static displacement fundamental solution (22)
can be reduced to the following explicit expression [7–9]
uS∗ij (ξ , x) = −
1
π
Re
[ 2∑
m=1
PjmQmi ln
(
zm − z0m
)
− ln(i + µm)
]
, (27)
where
zm = x1 + µmx2, z0m = ξ1 + µmξ2 (28)
are the complex counterpart of the integration and the
collocation points, the matrices Pjm, Qmi and the com-
plex constants µm are given in the Appendix.
By substituting Eqs. (20)–(24) into Eqs. (8) and (10),
the corresponding traction and higher-order traction
fundamental solutions p∗ij and s
∗
ij can be obtained as
p∗ij(ξ , x,ω) = pR∗ij (ξ , x,ω) + pS∗ij (ξ , x), (29)
p∗ij(ξ , x, s) = pR∗ij (ξ , x, s) + pS∗ij (ξ , x), (30)
s∗ij(ξ , x,ω) = sR∗ij (ξ , x,ω) + sS∗ij (ξ , x), (31)
s∗ij(ξ , x, s) = sR∗ij (ξ , x, s) + sS∗ij (ξ , x), (32)
where
pS∗ij (ξ , x) =
1
π
Re
[ 2∑
m=1
LjmQmi
µmn1(x) − n2(x)
zm − z0m
]
,
(33)
pR∗ij (ξ , x,ω) =
1
8π2
∫
|η|=1
2∑
m=1
Smij
ρ c2m
· ω
cm
· ′(ω|η·(x−ξ)|/cm)
×sign [η · (x − ξ)]dSη, (34)
pR∗ij (ξ , x, s) =
1
8π2
∫
|η|=1
2∑
m=1
Smij
ρ c2m
· s
cm
·  ′(s|η·(x−ξ)|/cm)
×sign [η · (x − ξ)]dSη, (35)
sS∗ij (ξ , x) =
1
π
Re
[ 2∑
m=1
Tmij
µmn1(x) − n2(x)(
zm − z0m
)2
]
, (36)
sR∗ij (ξ , x,ω) =
1
8π2
∫
|η|=1
2∑
m=1
Umij
ρ c2m
(
ω
cm
)2
×(ω|η · (x − ξ)|/cm)dSη, (37)
sR∗ij (ξ , x, s) =
1
8π2
∫
|η|=1
2∑
m=1
Umij
ρ c2m
(
s
cm
)2
×(s|η · (x − ξ)|/cm)dSη. (38)
InEqs. (33)–(38),′(ζ ) = d(ζ)/dζ , ′(z)= d(z)/dz,
and the auxiliary functions Ljm, Smij , T
m
ij and U
m
ij are
given in the Appendix.
4 Numerical implementation of the BEM
To solve the hypersingular TBIEs (11) as well as their
counterparts in the frequency-domain and the Laplace-
transformed domain, a collocation method for the
spatial discretization by using quadratic elements is
developed. Discontinuous quadratic elements are
adopted over the crack-face. It should be mentioned
here that the use of discontinuous elements is necessary
in order to fulfill the C1-continuity requirement of the
CODS in the hypersingular TBIEs.
4.1 Treatment of hypersingular integrals
Asmentionedpreviously, theTBIEs (11) and their coun-
terparts in the transformed domain involve hypersingu-
lar integrals of the type 1/(zm − z0m)2 when the
integration point coincides with the collocation point.
After the discretization, the hypersingular integrals to
be computed have the following expression
Im ==
∫
e
µmn1(x) − n2(x)
(zm − z0m)2
φ d, (39)
where e is the boundary element under consideration,
φ denotes the quadratic shape-function and n(x) is the
outward unit normal vector to the boundary. By means
of a suitable variable change [8,9], the hypersingular
integral (39) can be regularized as described in the fol-
lowing.
Introducing a complex distance between the colloca-
tion and the integration points as a new variable
χm = zm − z0m = (x1 − ξ1) + µm(x2 − ξ2), (40)
the Jacobian of this transformation is then given by
dχm
d
= dχm
dx1
dx1
d
+ dχm
dx2
dx2
d
= µm n1(x) − n2(x), (41)
where the following relations
dx1
d
= cos(θ) = −n2(x), dx2d = sin(θ) = n1(x) (42)
have been used (see Fig. 1).
By usingEqs. (40) and (41), the hypersingular integral
(39) can be rewritten as
Im ==
∫
e
1
χ2m
φ dχm. (43)
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Fig. 1 Differential boundary element geometry around the inte-
gration point with the outward unit normal vector
Considering the shape function φ as a function of the
complex variable χm, and using the first two terms of its
Taylor-series expansion at χm = 0, i.e.,
φ(χm) = φ(χm = 0) + dφdχm
∣∣∣∣
χm=0
χm + O
(
χ2m
)
= φ0 + φ′0 χm + O
(
χ2m
)
, (44)
the integral Im can be recast into
Im =
∫
e
φ − (φ0 + φ′0 χm)
χ2m
dχm + φ0 =
∫
e
1
χ2m
dχm
+φ′0 −
∫
e
1
χm
dχm. (45)
The first integral in Eq. (45) is regular and can be
computednumerically byusing standardGaussianquad-
rature formula. The second and the third integral are
hypersingular and strongly singular, but they can be
evaluated analytically as
=
∫
e
1
χ2m
dχm = − 1
χm
∣∣∣∣
e
,
−
∫
e
1
χm
dχm = log (χm)|e . (46)
4.2 Frequency-domain and Laplace-domain BEM
In the frequency-domain and theLaplace-domainBEM,
the boundary value problem is first solved numerically
for discrete values of the frequency and the Laplace-
transform parameters. Subsequently, the correspond-
ing time-domain solutions are obtained by using the
fast Fourier inverse transform in the frequency-domain
BEM and the inverse Laplace-transform algorithm of
Stehfest [23] in the Laplace-domain BEM.
According to the Stehfest’s inversion algorithm [23]
a time-dependent function f (t) can be approximated by
f (t) = ln 2
t
N∑
n=1
νn f̂ (n ln 2/t), (47)
where f̂ (s) is the Laplace-transform of f (t), and
νn = (−1)n+N/2
×
min{n,N/2}∑
k=(n+1)/2
(2k)!kN/2
(N/2 − k)!k!(k − 1)!(n−k)!(2k−n)! .
(48)
Stehfest suggested to use a single precision arithmetic
and N = 10 for the truncation limit in order to obtain
accurate results. In this work, N =12 and 24 with a dou-
ble precision arithmetic are used.
In the course of this study, we have also tested the
Durbin’s method for the inverse Laplace-transform,
which has been preferred and suggested in some pre-
vious investigations on dynamic problems [10,14]. Our
own experiences have confirmed that the Durbin’s
method is generallymore accurate but alsomore compli-
cated and computationally much more expensive than
the Stehfest’s algorithm. The Durbin’s method uses a
complex Laplace-transform parameter, while the Steh-
fest’s algorithm applies a real Laplace-transform param-
eter and is easier to implement. For the dynamic crack
problems considered in the present study, no significant
changes in the numerical results have been noted by
using these twodifferent inversionmethods. For this rea-
son, the Stehfest’s inversion algorithm is applied in our
numerical examples, which will be presented in Sect. 6.
4.3 Time-domain BEM
In the time-domain BEM, the Riemann convolution
integral
f (t) = g(t) ∗ h(t) =
t∫
0
g(t − τ)h(τ )dτ (49)
is approximated by the quadrature formula of Lubich
[11,12], which is given by
f (nt) =
n∑
j=0
ωn−j(t)h(j t), n = 0, 1, 2, . . . ,N, (50)
where the time-interval t is divided into N equal
time-steps t, and the weights ωn(t) are defined by
ωn(t) = r
−n
N
N−1∑
m=0
ĝ
(
δ(ζm)
t
)
e−2π inm/N . (51)
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In Eq. (51),
– ĝ(·) is the Laplace-transform of g(t),
– δ(ζm) =
2∑
j=1
(1 − ζm)j/j,
– ζm = re2π im/N , and
– r = 1/2N , with  being the numerical error in com-
puting the Laplace-transform ĝ(·).
It should remarked here that a backward differential
formula (BDF) of the second order is used for δ(ζm),
and the error in computing ωn(t) is of the orderO(
√
)
[11,12]. In this analysis, different -values between 10−6
and 10−12 have been tested to verify the effects of  on
the numerical accuracy. Our numerical tests have shown
that in this -range there are no notable influences of 
on the numerical results.
In contrast to the conventional time-domain BEM
[24,25,31], the presentmethod uses the Laplace-domain
instead of the time-domain elastodynamic fundamental
solutions. This is advantageous for cases where time-
domain dynamic fundamental solutions are not avail-
able but their Laplace-transforms can be obtained. As
representative exampleswe justmention the viscoelastic
and the dynamic poroelastic problems, which have been
investigated in details by Schanz [20], Gaul and Schanz
[10] and Schanz [21] using the quadrature formula of
Lubich [11,12].
For the present crack problem in an infinite aniso-
tropic domain, the Laplace-domain system matrix,
denoted by ̂A(sm), can be computed by using the fol-
lowing equation
̂A(sm) =
E∑
e=1
∫
e
ŝ∗ij
(
ξ , x,
ζm
t
)
φ(x)d (52)
According toEq. (51), the systemmatrix at the nth time-
step An can be obtained as
An = r
−n
N
N−1∑
m=0
̂A(sm) e−2π inm/N , (53)
where sm = δ(ζm)/t.
Finally, a system of linear algebraic equations for the
discrete CODs can be obtained as
n∑
j=0
An−ju j = p j. (54)
By invoking the zero initial conditions (3), Eq. (54)
leads to the following explicit time-stepping scheme [29,
30,33]
un =
(
A0
)−1
⎛
⎝pn −
n−1∑
j=1
An−juj
⎞
⎠ (55)
for computing the unknown CODs at the nth time-step.
In Eq. (55),
(
A0
)−1
is the inverse of the system matrix
A0 at the time-step n = 0.
5 Computation of SIFs
In all three BEM as presented in previous sections,
straight quarter-point elements are adopted at the
crack-tips in order to capture the local
√
r-behavior of
the CODs near the crack-tips. This allows us to compute
the dynamic SIFs very efficiently and accurately.
In the vicinity of the crack-tip, the displacement field
has the following asymptotic expressions [22]
u1 =
√
2r
π
{
KIRe
[
1
µ1 − µ2
(
µ1p2
√
cos θ + µ2 sin θ
− µ2p1
√
cos θ + µ1 sin θ
) ]
+ KIIRe
[
1
µ1 − µ2
(
p2
√
cos θ + µ2 sin θ
− p1
√
cos θ + µ1 sin θ
) ]}
, (56)
u2 =
√
2r
π
{
KIRe
[
1
µ1 − µ2
(
µ1q2
√
cos θ + µ2 sin θ
− µ2q1
√
cos θ + µ1 sin θ
) ]
+ KIIRe
[
1
µ1 − µ2
(
q2
√
cos θ + µ2 sin θ
− q1
√
cos θ + µ1 sin θ
) ]}
, (57)
where r and θ are polar coordinates with the origin at
the crack-tip,KI andKII are themode-I and themode-II
SIFs, and
pm = b11µ2m + b12 − b16µm,
qm = (b12µ2m + b22 − b26µm)/µm. (58)
In Eq. (58), bij (i, j = 1, 2, 6) are the materials compli-
ance coefficients.
By substituting Eqs. (56) and (57) into Eq. (6), we
obtain the following relationship between the dynamic
SFIs and the CODs
{
KI
KII
}
=
√
π
8d
· 1

[
H11 H12
H21 H22
]{
u1
u2
}
, (59)
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where
Hij =
⎡
⎣ Im
(
q1−q2
µ1−µ2
)
Im
(
p2−p1
µ1−µ2
)
Im
(
µ1q2−µ2q1
µ1−µ2
)
Im
(
µ2p1−µ1p2
µ1−µ2
)
⎤
⎦ , (60)
 = H11H22 − H12H21. (61)
In Eq. (59), u1 and u2 are the CODs at the collo-
cation point closest to the crack-tip either in the fre-
quency-domain, or in the Laplace-transformed domain
or in the time-domain depending on the applied BEM,
and d is the distance between this collocation point and
the crack-tip.
UsingEq. (59), dynamic SIFs can be obtained directly
once the CODs have been computed numerically by the
BEM. In the frequency-domain and theLaplace-domain
BEM, an inverse transform is subsequently applied to
obtain time-dependent SIFs. In contrast, time-domain
BEM yields directly time-dependent SIFs.
6 Numerical results
To compare the three different BEM, both straight and
curved cracks are analyzed. The straight crack has a
finite length 2a, and is considered to be either in an iso-
tropic or a fully anisotropic unbounded plane subjected
to a tensile or a shear impact crack-face loading (see
Fig. 2). As an example for curved cracks, we consider
a circular arc-shaped crack with a radius r and opening
angle 2α embedded in a fully anisotropic plane, which is
subjected to a radial impact crack-face loading as shown
in Fig. 3. In all cases, the accuracy and the efficiency of
the three BEM are compared. Furthermore the stability
of the time-domain BEM is studied by using different
time-steps.
Numerical calculations havebeen carriedout byusing
ten elements as depicted in Fig. 4. For the straight crack,
the size-ratio between two consecutive elements is con-
stant, which is equal to 2 between the central and the
crack-tip element. For the curved crack, the straight
crack-tip elements have a length of rα/30, while the
first three elements from the crack-center have an angle
0.50α, 0.30α and 0.15α, respectively. The size of the
fourth element from the crack-center is determined by
the remaining size of the crack. For convenience of pre-
sentation anddiscussion, the following abbreviations are
introduced:
– FD = frequency-domain BEM,
– LD = Laplace-domain BEM,
– TD = Time-domain BEM,
– FFT = Fast Fourier Transform,
– LP = Laplace-transform parameter.
Fig. 2 A straight crack in an unbounded domain subjected to a
tensile impact loading (left) and a shear impact loading (right)
Fig. 3 A circular arc-shaped crack in an unbounded domain sub-
jected to a tensile impact loading in radial direction
-1 1
-1 0
-0 8
-0 6
-0 4
-0 2
0 0
0 2
0 4
Fig. 4 BEM meshes used for straight and arc-shaped (opening
angle = 2α) cracks
6.1 Isotropic solids
In order to compare our numerical results with avail-
able analytical solutions we first consider a straight finite
crack of length 2a in an unbounded, homogeneous, iso-
tropic and linearly elastic solid. The crack is subjected
to a tensile impact crack-face loading σ22(t) = σ0H(t)
7
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
Isotropic
ν = 1/4
Thau & Lu
FD + FFT
LD + Stehfest's method
TD (Lubich's quadrature)
cT ∆t = a/20
Tensile impact
K
 
/ σ
0
( π
a
)1/
2
0.0
0.2
0.4
0.6
0.8
1.0
1.2 Shear impact Isotropic
ν = 1/4
Thau & Lu
FD + FFT
LD + Stehfest's method
TD (Lubich's quadrature)
cT ∆ t = a/20
K
II 
/ τ
0
(π
a
)1/
2
t cL / at cL / a
Fig. 5 Normalized dynamic SIFs for a crack in an isotropic solid subjected to a tensile and a shear impact crack-face loading
or a shear impact crack-face loading σ12(t) = τ0H(t),
where σ0 and τ0 are the loading amplitudes and H(t) is
the Heaviside step function. Poisson’s ratio is taken as
1/4.
Numerical results are presented and compared with
the analytical solutions [26] in Figs. 5 and 6. Here, the
dynamic SIFs are normalized by their corresponding
static values KstI = σ0
√
πa and KstII = τ0
√
πa, and the
dimensionless time tcL/a is used for convenience, where
cL is the velocity of the longitudinal wave. In the time-
domain BEM, a time-step cTt = a/20 is selected. As
we can see inFigs. 5 and 6, the numerical results obtained
by all three BEM show very good agreement with the
analytical solutions, though some small discrepancies
occur near the peak values of the normalized dynamic
SIFs.
To study the stability of the time-domain BEM, addi-
tional calculations for three different time-steps have
been performed. The corresponding numerical results
are presented in Fig. 6, which imply that the present
time-domain BEM is quite insensitive to the selected
time-steps. This is an important advantage over the clas-
sical time-domain BEM [24,25,31], which suffers from
the stability problem.
6.2 General anisotropic solids
6.2.1 Straight crack
Next, we consider a straight finite crack of length 2a in an
unbounded, homogeneous and linear elastic solid with a
general anisotropy. The following elastic constants have
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Fig. 6 Influences of time-steps on the normalized dynamic SIF
for a crack in an isotropic solid subjected to a tensile impact crack-
face loading
been chosen in the numerical calculations
⎡
⎣ C11 C12 C16C22 C26
sym. C66
⎤
⎦ =
⎡
⎣95.46 28.93 44.6725.91 15.56
sym. 32.68
⎤
⎦GPa,
ρ = 1, 600 kg/m3. (62)
The selected material constants correspond to a Graph-
ite-epoxy composite [33]. The same BEMmesh as in the
isotropic case has been applied.
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Fig. 7 Normalized mode-I and mode-II dynamic SIFs for a crack in an anisotropic solid subjected to a tensile impact loading
Fig. 8 Normalized mode-I and mode-II dynamic SIFs for a crack in an anisotropic solid subjected to a shear impact loading
For a tensile impact crack-face loading, the normal-
ized mode-I and mode-II dynamic SIFs versus the
dimensionless time t cT/a are presented in Fig. 7, while
the corresponding numerical results for a shear impact
crack-face loading are given in Fig. 8. Here, the shear
wave velocity is defined by cT = √C66/ρ, and a time-
step cTt = a/20 is used in the time-domain BEM. The
results are compared with that obtained by Zhang [33],
who used a Galerkin-method for the spatial discretiza-
tion.
The good agreement between our numerical results
and that of Zhang [33] as shown in Figs. 7 and 8
verifies the accuracy of the three implemented BEM.
As in the isotropic case, our time-domain BEM is quite
stable.
6.2.2 Circular arc-shaped crack
Now we consider a circular arc-shaped crack embed-
ded in an unbounded anisotropic domain with the same
material constants as used in the preceding case. The
crack is defined by the radius r of the circle and the
9
Fig. 9 Normalized mode-I and mode-II dynamic SIFs for an arc-shaped crack with α = 15◦
Fig. 10 Normalized mode-I and mode-II dynamic SIFs for an arc-shaped crack with α = 30◦
opening angle 2α as shown in Fig. 3. A tensile impact
crack-face loading in the radial direction in the form of
σr = σ0H(t) is considered.
The numerical results are presented as normalized
mode-I and mode-II dynamic SIFs versus dimension-
less time, which is defined as in the preceding case for
a straight crack. The dynamic SIFs are normalized by
σ0
√
πa, where σ0 is the loading amplitude and 2a is the
arc-chord length of the crack.
A comparison of the numerical results obtained by
the three BEM is shown in Figs. 9, 10, and 11 for the two
crack-tips. Also here, a time-step cTt = a/20 is used
in the time-domain BEM. As expected, the differences
between the dynamic SIFs at both crack-tips increase
as the curvature of the arc-shaped crack increases. The
numerical results show that, except for the mode-II SIF
at the crack-tip B, the time at which the peaks of the
SIFs are achieved does not vary substantially with the
curvature in the cases of α = 15◦ and α = 30◦. In the
case of α = 60◦, the peak KI-factor at the crack-tip A
is shifted to a smaller time instant. The results obtained
by the time-domain BEM and the frequency-domain
BEM agree very well, while the results obtained by
the Laplace-domain BEM using 12 Laplace-transform
parameters show some differences. The main differ-
ence lies in the tendency that the Laplace-domain BEM
10
Fig. 11 Normalized mode-I and mode-II dynamic SIFs for an arc-shaped crack with α = 60◦
Fig. 12 Normalized mode-I and mode-II dynamic SIFs for an arc-shaped crack with α = 15◦ by using three different time-steps
with 12 Laplace-transform parameters cannot predict
the peaks accurately.
In order to investigate the influence of the used
number of the Laplace-transform parameters on the
accuracy of the Laplace-domain BEM, numerical calcu-
lations have also been carried out for 24 Laplace-trans-
form parameters. The results show that the agreement
with other two BEM are improved now in the first part
of the plot, i.e., for a dimensionless time below about
5.5. However, in the large time-range, oscillation of the
numerical results appears which indicates an instability
of the method.
The stability of the time-domain BEM is tested here
again for three opening angles of the arc-shaped crack.
The numerical results for the normalized dynamic SIFs
are presented in Figs. 12, 13, and 14 versus the dimen-
sionless time tcT/a. For three quite different time-steps
selected, no essential differences in the numerical results
are observed, which confirms again that the present
time-domain BEM is quite insensitive to the used time-
steps. Moreover, the curvature of the crack-faces does
not affect the stability behavior of the present time-
domain BEM, at least for the investigated cases in this
analysis.
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Fig. 13 Normalized mode-I and mode-II dynamic SIFs for an arc-shaped crack with α = 30◦ by using three different time-steps
Fig. 14 Normalized mode-I and mode-II dynamic SIFs for an arc-shaped crack with α = 60◦ by using three different time-steps
Mesh-sensitivity of the dynamic BEM is a critical
issue for dynamic problems. For a straight crack in an
anisotropic solid subjected to a tensile impact loading,
a mesh-sensitivity study of the three presented BEM is
carried out for different numbers and distributions of
the boundary elements. The used material constants are
given in Eq. (62). The corresponding numerical results
for the normalized dynamic SIFs are presented in
Figs. 15, 16, 17, 18, 19, 20, and 21. From this study the
following conclusions can be drawn:
– The three BEM presented in this paper are quite
insensitive to the used element-number.
– Ten quadratic elements are sufficient to obtain accu-
rate numerical results.
– A uniform mesh is also adequate for the dynamic
crack problem under consideration, although a non-
uniform mesh is applied in most part of the analysis.
In addition, the following comments to the mesh-sensi-
tivity of the dynamic BEM should be made:
– In the classical time-domain BEM, the spatial
discretization and the time discretization are not
independent of each other. This implies that the
mesh-sensitivity and the time-step sensitivity cannot
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Fig. 15 Mesh-sensitivity of the frequency-domain BEM (uniform mesh)
Fig. 16 Mesh-sensitivity of the frequency-domain BEM
be separated in the classical time-domain BEM. A
proper choice of the element-size depends on the
choice of the time-step, which is important to the
quality and the stability of the BEM. A too small
element-size (or too small time-step) may lead to
an instability of the numerical scheme, while a too
large element-size (or too large time-step)may cause
a physically unrealistic large numerical damping of
the results. A brief review on the subject can be
found in reference [32]. To the best knowledge of
the authors, yet there are no rigorous mathemat-
ical stability proofs for the classical time-domain
BEM based on collocation methods both for spatial
and time discretizations. However, many previous
including our own numerical experiences show that
for isotropic elastic solids stable and accurate numer-
ical results can be obtained by using cLt ≤ l ≤
2cLt [6], where cL is the longitudinal wave velocity,
l is the element-size, and t is the used time-step.
The situation for anisotropic elastic solids becomes
evenmore tangleddue to thedirectional dependence
of thewavevelocities. Thepresent time-domainBEM
by using Lubich’s quadrature is in any case less sen-
sitive to the used mesh-size in comparison to the
classical time-domain BEM, since the present time-
domain BEM is less sensitive to the used time-steps,
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Fig. 17 Mesh-sensitivity of the Laplace-domain BEM (uniform mesh)
Fig. 18 Mesh-sensitivity of the Laplace-domain BEM
which implies implicitly a less sensitivity of themethod
to the spatial mesh-size.
– In the frequency-domain BEM for time-harmonic
analysis, themesh-sensitivity is governed by the ratio
of the nodal spacing and the wave-length. To reliably
capture the sinusoidal waveform by using polyno-
mial shape functions in the frequency-domain BEM,
sufficient nodes within the wave-length are required.
A commonly quoted and accepted rule of thumb rec-
ommends 8–10 nodes per wave-length (i.e., four or
five quadratic elements) are needed. For large scale
problems and high frequencies (short wave-lengths)
this may cause some serious difficulties due to the
substantially large memory, storage and computing
time, which may exceed the available computer
resources. To overcome this difficulty, several
advanced methods have been proposed in recent
years. Here, we just mention the fast multipole
method (FMM) [15,18,19], the wave boundary ele-
ment method (WBEM) or the wave basis functions
method [4,16,17] based on the partition of unity
method (PUM) [13]. A review of some advanced
computational methods for wave simulation in high
frequency range has been presented by Bettess [4].
For the present transient dynamic crack analysis,
numerical calculations for different frequencies are
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Fig. 19 Mesh-sensitivity of the time-domain BEM (uniform mesh)
Fig. 20 Mesh-sensitivity of the time-domain BEM
needed. Therefore, it is impractical to use different
element-numbers according to the above mentioned
rule of thumb. Our numerical tests (see Figs. 15 and
16) show that a fixed element-number can still yield
accurate results for transient dynamic crack analysis.
– A mesh-sensitivity of the Laplace-domain BEM is
also expected, which depends on the value of the
Laplace-transform parameter. However to the best
of the author’s knowledge, yet no detailed analy-
sis on the subject can be found in literature, which
remains a future research topic. For the present tran-
sient dynamic crack analysis, it is sufficient to ignore
the effects of the dependence of the mesh on the
Laplace-transform parameter (see Figs. 17 and 18).
7 Conclusions
In this paper, three different traction BEM for transient
dynamic crack analysis in 2-D, homogeneous, generally
anisotropic and linear elastic solids are presented and
compared. Hypersingular TBIEs are applied in all three
BEM. The arising hypersingular integrals in the TBIEs
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Fig. 21 Comparison of the computational costs of the threeBEM
(tL=19minutes 32 seconds)
are computed via a regularization technique based on
a suitable variable change. This allows us to recast a
hypersingular integral into a regular integral plus a
strongly singular integral and another new hypersingu-
lar integral. Regular integrals are computed numerically
by using standard Gaussian quadrature formula, while
the strongly singular and the newhypersingular integrals
are evaluated analytically.
In the frequency-domain and the Laplace-domain
BEM, the boundary value problem is first solved in the
transformeddomain for discrete frequency andLaplace-
transform parameters. Then, time-domain results are
obtained by inverse Fourier-transform and inverse
Laplace-transform. In the time-domain BEM, the quad-
rature formula of Lubich is applied for approximat-
ing the Riemman convolution integrals, which requires
only Laplace-domain fundamental solutions instead of
time-domain fundamental solutions.At crack-tips, quar-
ter-point elements are adopted in all three BEM to
describe the local behavior of the CODs at the crack-
tips properly. Dynamic SIFs are obtained directly from
the numerically computed CODs.
The implemented BEM presented in this paper are
general and can be used for straight and curved cracks.
Numerical examples for computing dynamic SIFs show
that the implemented BEM are very accurate and
robust, and they are valid even for isotropic material
properties as a special case of the anisotropic materi-
als. It is well known that the isotropic case is a mathe-
matically degenerated case of the general anisotropic
BEM formulation, which may cause some numerical
difficulties.
Regarding the computational efficiency or cost, the
time-domain BEM is the fastest method while the
Laplace-domainBEMwith theStehfest’s inversionalgo-
rithm is the most expensive one, see Fig. 21. In order to
obtain the numerical results forN time-steps, the system
matrices have to be computed for
– N/2 + 1 Laplace-transform parameters in the time-
domain BEM using the Lubich’s quadrature,
– approximately 2N frequencies in the frequency-
domain BEM using the fast Fourier inverse trans-
form, and
– n×N Laplace-transform parameters in the Laplace-
domain BEM using the Stehfest’s inversion algo-
rithm, with n being the truncation limit (n =12 or
24 in this analysis).
On the other hand, the Laplace-domain BEM with the
Stehfest’s inversion algorithm have two important
advantages: it is easy to implement and it uses only a
real Laplace-transform parameter.
Though the present crack analysis is shown in this
paper for unbounded anisotropic solids, the extension
of the three BEM to transient dynamic crack analysis in
bounded anisotropic solids is straight-forward and the
corresponding results will be reported in future.
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Appendix: Auxiliary functions
In Eq. (27), µm are the complex roots of the following
characteristic equation
det
[
ij(1,µm)
] = 0. (63)
The matrices P and Q are determined by
(1,µm)P = 0, or ij(1,µm)Pjm = 0,
Q = P−1
(
B−1 + B¯−1
)−1
, (64)
where
B = iPL−1,
L = Lim =
(
C2ij1 + C2ij2µm
)
Pjm
= − 1
µm
(
C1ij1 + C1ij2µm
)
Pjm,
(no sum overm). (65)
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The auxiliary functions Smij ,T
m
ij andU
m
ij in Eqs. (34)–(38)
are given by
Smij = Cjklrγ mir nk(x)ηl, (66)
Tmij = (Cirk1 + µmCirk2) nr(ξ)LjmQmk,
(no sum overm), (67)
Umij = −CirklSmkjnr(ξ)ηl. (68)
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